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We investigate the behavior of the many-body correlation functions in the
vicinity of the gas-liquid critical point. We use the framework of the liquid state
theory and, accordingly, no reference to an effective Landau-Ginzburg
Hamiltonian is made. The critical condition is introduced by means of the equa-
tion of state. From the Baxter equation relating the many-body correlation
functions A(n) and A(n+ 1), we find that the integrals of all the A(n) diverge at
the critical point. Then we present strong arguments and this leads to GKS-like
inequalities, under some limiting conditions: the interparticle distances must be
large and the thermodynamic state of the system must be close to the critical
point. In order to get these inequalities, an upper bound for 4(n) is obtained.
Particular attention must be paid to the fact that the usual asymptotic
approximations of the liquid state theory are no longer valid.

KEY WORDS: Critical phenomena; many-body correlation functions;
correlation inequalities.

1. INTRODUCTION

The usual way to describe the structure of a one-component fluid, accord-
ing to liquid state theory, is to use the set of n-body distribution functions
p"™(1, 2,..., n) which gives the probability of finding the » molecules labeled
(1, 2,.., n) in a given state, characterized by their position and their orienta-
tion.'V Hereaftes, we shall consider only the case of spherical molecules,
interacting via two-body pairwise additive potential, and only the positions
of the molecules are involved. The n-body distribution functions are related
to the correlation functions, which can be separated into two types: the
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total, A", and the direct, ¢, correlation functions. The functions
A" =h(1,.., n) are defined as functional derivatives of the grand potential
= with respect to the activities z(i),"

p(1)---p(n) B ==(1) - z(n)[6" Ln E/6z(1) - -- 6z(n)]

and the functions ¢ =¢(1,.., n) are defined as functional derivatives of
A, which is the excess part of the intrinsic free energy A: A,.=
—B 7 'c[ p]=A — A;qea, With respect to the densities p(i),'"

C(") = _ﬂ[énAexc/ép(l) ce 5/7(")]
=d"c[p]/op(1)---dp(n)

For our analysis we give an alternative and equivalent definition in terms
of a graph representation”: A" is the sum of all simple diagrams free of
articulation points with »n white circles, p black circles, and f bonds, where
fis the Mayer functions; ¢ is the sum of all simple diagrams with » white
circles, p black circles, and f bonds and which are free of nodal points.

However, in the vicinity of the critical point, other theories have been
developed; it is generally well accepted that a suitable theory is the
standard @* theory (or the Ising model) where a Landau-Ginzburg type of
Hamiltonian is involved.>® It is of course understood that the &* theory
is adapted to reproduce the critical behavior only asymptotically close to
the critical point; the usefulness of such a model appears then to be limited,
besides the understanding of the critical phenomena in general, to the
determination of the critical exponents. In any case, the structure of a
liquid cannot be investigated in such a framework since the correlations
concern a field, ¢, the physical meaning of which is not so clear (see, for
instance, work dealing with the so-called “revised scaling theory”™). It is
then clear that all the properties of the Ising model cannot be applied at
the critical point in liquids; as an example, one has the well-known GKS
inequalities,’*'” which are inequalities between the n-body correlation
functions satisfied by the Ising model for each thermodynamic state and for
all interparticle distances. Clearly this cannot be true for liquids, but both
in the very close vicinity of the critical point and for very large interparticle
distances (comparable to the correlation length). The problem then
remains to know whether such correlation inequalities are satisfied by the
actual correlation functions in the vicinity of the liquid-gas critical point
and this is the purpose of this work.

We investigate the behavior of the usual n-body correlation functions
of the liquid state theory in order to determine if they satisfy inequalities
similar to the GKS inequalities. However, since we do not start from an
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effective Hamiltonian (as in a Landau-Ginzburg type of approach) we
have to state from the beginning a phenomenological critical equation of
state and the behavior of the two-body total correlation function, the
integral of which is related to the isothermal compressibility,’"’ which
diverges at the critical point.>*'") This amounts to assuming both the
existence of the critical point and that the critical exponents é and # are
known. Then we use the integral equations first derived in ref. 24, in the
form given by Baxter!?; these are exact relations between the n-body and
(n+1)-body correlation functions. In addition, we use the n-body
Ornstein—Zernike equation, which show that the n-body total correlation
function can be expanded in a finite number of Mayer diagrams, involving
the A® total correlation function, and the direct correlation functions, ¢'#’,
with 3<p<n.

In Section 2, by using the Baxter relations, we determine the behavior,
in terms of the density, of the integrals of the correlation functions on the
critical isotherm. Moreover we show that the leading contribution to the
integrals of the total correlation functions 4™ is due to the region of space
where all the interparticle distances are of the order of the correlation
length, generalizing the behavior of the two-body total correlation func-
tion, the weak decrease of which is responsible for the divergence of its
integral at the critical point (C.P.). In Section 3 we analyze the form taken
by the correlation functions in the algebraic regime. In Section 4 we obtain
an upper bound for the total correlation function, when all the interparticle
distances are large, but where two length scales are involved. We analyze
a diagrammatic expansion of A" in terms of a finite number of Mayer
diagrams, built up from 4® bonds and some ¢'#’ functions with 3< p<n.
Notice that we could have used the formalism of the generating func-
tional ®*; this would lead to a simpler derivation of the n-body Ornstein—
Zernike equation of Section 4.1. However, an important cancellation of the
sum of a set of graphs is obtained; this cancellation is necessary to recover
the correct “dimension” of the integrals of the functions 4. This property
justifies a posteriori our choice for the 4" and the ¢ functions, instead of
using the alternative generating functional formalism, since overall it would
not simplify or clarify the presentation of our work.

In Section 5 we discuss our results, and finally we conclude briefly in
Section 6.

2. INTEGRALS OF THE CORRELATION FUNCTIONS

In this section we focus on the Baxter relations,'’®’ which are exact
and satisfied in the whole thermodynamic space. We study their consequen-
ces, in the vicinity of the critical point (C.P.), for the integrals of the
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correlation functions. This is done in two steps. In Section 2.1 we start from
the Baxter relations and we perform the integrations over the space
variables, which leads to a hierarchy between the integrals of the n-body
correlation functions; then in Section 2.2. we introduce the critical equation
of state on the critical isotherm and we get the desired relations.

2.1. Exact Relations Between the Integrals of the
Correlation Functions

Starting from the canonical ensemble, Baxter'? established that the
n- and (n+ 1)-body total correlation functions 4! and A *! are related
according to

fh"'+1>d[n+ 1] =(ah<"’/ap)r{1 +p Jh(l, 2)d[2]}
+nh [ h(1,2) d[2] (1)

where h(1, 2) is the two-body total correlation function and p is the num-
ber density. To each of these functions, depending on the space coordinates
of the molecules, we associate the integrals

H‘"’:Ih(l,z,...,n)d[l]~--d[n—1] (2)

performed over the coordinates of (n — 1) molecules; due to the transla-
tional invariance, H'" depends only on the thermodynamic state, which
can be characterized, for instance, by p and 7. From Eqgs. (1) and (2), we
get

H"*Y(p, T)=[1+pH®(p, T)J[0H"(p, T)/0p]~+
+nH®(p, T) H™(p, T) (3)

Since H'*(p, T) is related to the isothermal compressibility y, by'!

p*xr/B=(p/B)0p/OP)r=(0p/0Pu)r=p[1+pH(p, T)] (4)

where P is the pressure, u the chemical potential, and f~'=kT, the
knowledge of the behavior of y(p, T') allows one to get some information
on the whole set of integrals H"Y(p, T).
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The distribution functions g = p*’(1, 2,.., n)/p" can be expanded in
terms of products of correlation functions A", with m < n, according to

g(1,2,.,n)=1+) {]‘[ [A(i,, iy,..., i,,,)]} (5)
Q

where the sum runs over all the partitions Q of the set (1, 2,..., #) in distinct
and nonoverlapping subsets (i, i5,.., i,,) With 1<m<n, i,e(l,2,..,n),
and the product runs over all the subsets of the partition under considera-
tion; when the subset includes only one point, the corresponding 4 function
is set equal to 1. From Egs. (1) and (5) we obtain, after some tedious
manipulations, ‘'

[1+pH™(p, T))(8g"/0p)r+nHp, T) g
=J[g"‘+')—g(")]d[n+1] (6)

or equivalently the well-known relation!*

[@p"/0Bu)r—np™) = [ [p* V= pp™] d[n+1] (7)
Between the direct correlation functions ¢ we have the relation
(ac""/ap)r=fc‘"*”d[n+1] (8)
which leads for the integrals
C("’=jc<">d[1] edln—1] (9)
to

[6C™(p, T)fop17=C"* p, T) (19)

2.2. Properties of the Integrals of the Correlation Functions
near the Critical Point

We consider the vicinity of the critical point, along the critical
isotherm, and we examine the form then taken by Egs. (3) and (10);
however, we emphasize that we focus only on the leading terms of each
quantity considered. In the following, 4, will denote the value taken by the
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quantity A4 at the critical point. We state a critical equation of state in the
form(l, 3,11)

(P—P)=(p—p)°+ - (11)

where the dots represent the correction to the dominant contribution to
(P—P_). The exponent ¢ is greater than or equal to 3 because the ther-
modynamic stability imposes that the compressibility takes only positive
values and as a result (92P/@p?), vanishes, while (3*P/0p?), takes a finite
value at the critical point, where ¥ ~! and thus (8P/dp), vanish.'"’ From
Eqgs. (4) and (11) we get, by neglecting 1 compared with H®),

pHM(p, T)=A,(4p)"' = (12)

Here A, is a dimensionless amplitude, positive because y, is positive, and
4dp is the reduced deviation in density (p—p.)/p.; dp is positive
throughout this work, without any loss of generality. Indeed, because we
deal with the critical isotherm, we only consider here the fluid region where
the exponents are continuously defined and therefore no difference between
the case 4p =0 and 4dp <0 is to be expected. At this point we assume also
that the two-body total correlation function 4® takes its standard form,*®
namely

hm("lz)=BexP(""12/6)("12)_(‘1—2+”) (13)

where B is a constant and ¢ is the correlation length. Then, from Eq. (12)
we get the behavior of the correlation length in terms of 4p, namely

é=Ap(1—5)/(2—'l) (14)

Moreover, from the arguments given in ref. 2, the deviation of the total free
energy from its value at the critical point is localized in a volume &“ and
therefore the deviation of the free energy per unit volume is f,= f,& <
Then, from (9P/dp);=p(0°f,/0p*)r and from Eq.(11) we obtain
E=A4p~*+ Y From these two expressions of ¢ we deduce the well-known
relation d =(d+2—n)/(d—2+#) and an alternative relation between ¢
and 4p,

6=Ap—2/((1—2+r])=dp-—l/d¢ (15)

where we have introduced dy=(d—2+#)/2. We note that d, coincides
with the so-called anomalous dimension of the field used in the field-
theoretic approach to critical phenomena.®

Now we examine the hierarchy of integrals H™; we start from Eq. (3),
and since H® diverges when we approach the critical point, we can drop
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1 compared to pH® in the first factor of the r.h.s. Moreover, for the same
reason, the whole set of H™ is expected to present a singular behavior in
terms of dp and accordingly the second term of the r.h.s. of Eq. (3) can be
neglected when one focuses on the leading term of H™. Therefore we get
H"*Y from H™ by using

H®*D = pHOGH™9p) (16)
and from Eq. (12) we get
H"™ = A(n) 4p™ (17a)
with
x,=1—(n—-1)6 (17b)
A(2)=A4.>0 (17c)
A(n)=(=1"[AT ™" x5+ x, 1] (17d)

Hence, only from thermodynamics, we can conclude the following: (i) All
the integrals H" diverge at the C.P. We can associate this divergence with
the weak decrease of the functions 2 with respect to the distances ry- (it)
The behavior of H™ is only determined by the specific (4., p.) and univer-
sal () parameters which characterize H'?. (iii) The sign of the H™ is
alternating. Notice that the last point, in contrast to the first two, is not
a priori expected. It is interesting to relate the integral H to H®. We find

H = (= 1) (BJAJ) |x2%; -+ %, 21| (HP)"~D (4p) =" (18)

where B is a constant. Thus, we see that H’ cannot be reduced to a
product of H?; in particular, we can deduce from (18) that the popular
superposition approximation‘’:'® for £’ does not work. According to this
approximation g is simply a product of g, hence /" is a product of #®
bonds connecting the different root points, with neither field points nor
convolutions. In the case of 4" the minimum number of bonds required to
connect the »n root points is (z— 1). Accordingly, if we calculate H™ in the
superposition approximation, we get a first contribution (H®)"~1, and
the other contributions are negligible compared to this first one. Further-
more, the factor (4p)?~") in (18) shows that 2 is a longer range function
than the correspopding result in the superposition approximation.

Concerning the direct correlation functions, the integrals C have
already been obtained in ref. 17; with the result

pn—lC(n)=(_1)n (n_2)| _ Ccé—(Z—rl)(J—n+l)/(6-—l)
=(—1)" (n_z)!_cré(n—l)d-ndf‘ (19)
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where the magnitude of the volume integration is explicit, i.e., £7~"“ and
dy=d—d,. In contrast to H"”, which diverges at the C.P. whatever the
value of n, C™ is finite if n <& + 1. For these values of n, C™, which is a
pure number, (—)" (n—2)!, at the C.P., results from both the long-range
and the short-range contributions of ¢. The relative importance of these
two terms may depend on the specificity of the system under consideration.
For these values of n the deviation relative to the critical value of C*,
given by C &~ 14-nds ig small and positive. This singular part of C™ can
result from the algebraic behavior of ¢ Indeed, from the two-body
Ornstein-Zernike equation,‘® '®) which reads, in Fourier space,

k)= h2(k)/[1+hr2(K)] (20)

and from the long-range contribution to A, given by (13), we can deduce
the long-range part of ¢'®, and this allows one to explain the dependence
of C® with respect to £&. However, since the correction to the critical value
is small, we cannot deduce that the singular part results only from the
long-range behavior of ¢®). For instance, we cannot rule out the presence
in ¢!? of a short-range contribution presenting a nonanalytic amplitude, in
the form f(r,,) 4p®® "), leading for the integral C'® to the same behavior
with respect to &. If this occurs for ¢, which means simply that the long-
range behavior is coupled to the short-range one, this is necessarily also the
case for the other ¢ because of the Baxter relations, Eq. (8). Notice that
h™ can also exhibit a similar small nonanalytic amplitude, but since H*
diverges at the C.P., this effect can only be a correction to the leading
behavior of H?

When n>d + 1, C™ diverges at the C.P. and its sign is alternating. In
this case, the singular part of C* can be related to the weak decrease of
the function ¢'” as is the case for A"

Now we examine the case of the integral of A“(1, 2,..., n) when the dis-
tance between two particles, say 1 and 2, of the set (1, 2,..,n) cannot
exceed A, with 0 <1 <& (o is a molecular length scale). This will give us
some information concerning the part of A%’ which is responsible for
the leading contribution to the integral H™. We start from the Baxter
equation, Eq. (1),

[ B dLn} = HO[(poh™ =V f0p) -+ (n—1) A" =] (21a)
=[H?9+(n—1) HO]h=D (21b)

where df is a shortened notation for p(9f/0p),. Then we integrate over the
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coordinates of particle (n—1) and we use once again Eq.(21b) at order
(n—2):

jhw d[n]d[n—1]

— {[H‘2’6+(n—1) H(Z)][H(Z)a+(n_2) H(Z)]} h(n—z) (22)

and we follow this procedure until the r.h.s. includes only the two-body
total correlation function #?(1, 2). We thus obtain

jh“')(l, 2,3,..n)d[n]d{n—1]---d[3]

={ T [H‘2’6+iH‘2’]}h‘2’(1,2) (23)

i=2,(n—1)

Finally, we get

HY =L d12] [ H*(1,2,3,.., m) d[n] d{n—1] - d[3]

= { [T [H®+ iH‘Z’]}<L d[2] (1, 2)> (24)

i=2,(n—-1)

where j,-. d[2] =j(r12<,1)dr,2. The order of magnitude of the leading
term (ie., its dependence with respect to 4p) in Eq. (24) is determined as
follows. First, each multiplication by H‘® brings a factor &9~2%. Second,
(H'®9) fleads to ~ H)fif the function f'is regular and nonzero at the C.P.
and to =(1/4p) H®fif the function f is singular, where a function is called
“singular” if it presents a nonanalytic power-law dependence with respect
to dp. In any case the first term of [H®8+iH'?] is greater than or
comparable to the second one and therefore the leading term of H{" is
determined from

HP={[H®0]" Y} HY® (25)
From Eq. (13), we have
OH'? = (1/£)(9¢) f h®(r)(r/&) dr + (1/B)(0B) HY (26a)
A

|0HP| < (1/4p)(4/8) |HP| +|(1/B)0B) HP| (26b)

822/80/5-6-21
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and we expect (1/B)(0B) =~ 1. The inequality (26b) is obtained by consider-
ing that for small values of A, for instance, A =~ g, the first term on the r.h.s.
of (26a) is negligible as a consequence of (15), the second term, which is
the regular contribution to dH'? being the dominant one. In contrast, the
first term is dominant for large values of A, where the monotonous
behavior of A for large r is sufficient to yield an upper bound for the
integral by simply replacing {#/£) by its largest value (4/£). Equation (26b)
tells us that (0HP)/H is smaller than or equal (when A=¢) to
(0H™)/H™® and we deduce from Eq. (25)

Hﬁ"’ — { [H(z)a]("_3)}(H(Z)a(H(f)))
~ (H(2))(n-3) (a(n—B)H(Z))(aH(lZ))
R (H)" =2 (1/4p)" Y (0H D) (27a)

The third line in Eq.{27a) is obtained by using (3" YH?)=
H'®(1/4p)" . Equation (27a) is transformed according to

H‘f’z (H(Z))(n— 1} (I/Ap)("—z) [H(f)/H(z)][Ap(aH(f))/H(f)]
=HOLHPHOILOHD)HP] ™ [HPYHP]  (27b)

where we have replaced (dp) by [(GH®)/H®]~'. We then use the fact
that the divergence of H'® is due to the weak decrease of A‘® when
r» — o0; this together with Eq.(26) leads us to introduce an exponent
x(4), according to

OHQ [HP = (1/4p) /&Y + 1~ dp ~'[(4/) + 4p]
= [@H®YH®][4p™V]
with
x(A)=inf{1, [1 —Ln(4/0)/Lna(&/o}1/d,} (28)

where Eq. (15) has been used. Obviously, x(1) =0 and x(¢) =0. Moreover,
when 2 is comparable to the molecular length &, the regular contribution
to [0H?/H'®] warrants that x(c) = 1. From Egs. (27), (28) we get

H().") ZH(")[H(AZ)/H(Z)] f_x“')d“= H(")[H(;‘)/H(z)] Apx(ll) (29)

When 1=z g, the integral of #® is a constant with respect to ¢ and we get
the result

Hir") ~ H(n)[ 1/H(2)] é—x(a) dy ~ H(”)é_d+ [2—x(a)] dy (30)
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Since (—d +2d,;) <0 and x(4 <¢&) >0, in any case we have H"> < H and
this result may be generalized to the case where more than one distance is
kept of the order of ¢ in the integral. The important point is that we
demonstrate the intuitive result that first the leading contribution to the
integral H™ comes from the part of the space where all the distances are
of order £, which is a generalization of the explanation for the divergence
of H® at the critical point, and second that H" ~ H" =Y, since x(s) = 1.

Notice that the preceding result cannot be generalized to the C),
because Eq. (28) cannot be stated for ¢‘® and the second equality of (30)
has no equivalent for the direct correlation function, since its integral C®
is finite at the critical point.

3. FORM OF THE CORRELATION FUNCTIONS
NEAR THE CRITICAL POINT

In this section, we consider the form of A and ¢™ in the vicinity of
the C.P., by using the results of the preceding section. The expressions of
A" and ¢ depend on 3n — 6 independent distances among the n(n—1)/2
distinct ones. We consider a partition of the configuration space V" into
Vi, Ve, and Vi defined as follows: in V7, all the distances between the par-
ticles are bounded by the molecular length o; in V7, at least one distance
is of order o and at least one distance is of order ¢; while in V7 all the dis-
tances are of order & To this partition we associate a splitting of the
correlation functions into £\, £, and f¢”, where /= c or h. This splitting
is defined in such a way that [ =4 f% 4+ £ and f({r,})=0 if
{r;} ¢ V5. Obviously, one can imagine a simple form for f ) only in the
region where the universal behavior may hold, namely in V7. Thus, we
investigate the form of c{” and h{", on the basis of what is done for the
long-range part of A‘®,%® and by using the arguments developed by
Cardy."® However, in order to do that, we have to be sure that the effect
of f¢" is actually dominant in the critical behavior. Given the results of the
preceding section [ see, for instance, Eq. (30)], we can conclude that this is
indeed the case for 2", and therefore we can analyze separately h%".

3.1. Total Correlation Function A"

We separate ¢ into three different factors, playing different roles:

-1
KO, =Y [H (r,-,-f‘""'-f’] B JE)) F{rylra})  (31a)

The first factor is the inverse of a product of a set of distances; different sets
are involved and we consider a sum of such products symmetric with
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respect to the permutations of particles; the second factor is a cutoff func-
tion, playing the role of the factor exp(—r,,/¢) in A?; the third factor,
according to ref. 19, is a dimensionless function F depending on products
of the ratio of distances {r;/r,}. Furthermore, by definition, #{"’ vanishes
when at ledst one distance becomes comparable to ¢, which means that it
includes a product [T [¢o(r;/0)], not made explicit in (31), where
¢o(x <1)=0. Since we deal here with the actual correlation functions, and
not with a perturbation scheme including at a given stage the so-called
ultraviolet divergences,>®’ the short-distance cutoff function ¢, does not
need to be treated explicitly and can be dropped in our analysis. The
unknown function F describes the “angular” structure of A*: it is likely to
play a crucial role in situations where two length scales, say A, and A,,
must occur in the set {r,}, with o<, €A, <& Its properties can be
obtained in some cases under the hypothesis of conformal invariance;'**®
for instance, F=1 for the three-body correlation function and for the four-
body case the argument of F is a cross ratio of the distances.

The important point at this stage is that the product [T (r;)*"*]~"
and the function F do not play the same role: [T](r;)*"*”]~' has a
dimension, while F is dimensionless. Therefore, in a dilation of all the dis-
tances which leaves the angles unchanged, the function F is invariant and
the behavior of 4Y” is determined by [IT (r;)*"*”]~'. Now, from the dis-
cussion of Section 2.2 we know that the leading part of the integral H" is
due to h{"” and we thus have

H(::)=fh%")({ry})d[1]"'d["_l]

=go-nd-zai) [5 [H (r;)f‘""*ﬁ] S d[1¥]dl(n—1)*]  (32)

where r* =r/f and d[i*] =d[r/£]. From Egs. (17) we get the sum of the
exponents involved in [[T (r;)*"**”]1~", or the “dimension” of A{":

Y [=(n;i, j)] =nd, (33)

3.2. Direct Correlation Function ¢!

It is tempting to treat the direct correlation functions ¢!’ in the same
way. Writing

C(f")({r,-j} ) — Z [1‘[ (’.‘j)z'(n:i.j)] qj(n)({rij/é} ) K( {"ij/"lk} ) (31b)
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one can see that instead of (33) we obtain
Y. [Z'(n; 4, j)} =nd, (34)
As mentioned in Section 2.2, we have two contributions to C";
C(n) — ( -1 )(n _ 2)! + (Cc/p"_ 1) f("_ 1)d—ndy

The first term i1s dimensionless and represents the leading contribution to
C'" when n>6+ 1. It is a priori not possible to state whether the short-
or long-range part of ¢ contributes most and to which of these terms.
However, in the case of ¢® (or even ¢® if one adds the hypothesis of
conformal invariance; see Appendix B), we know the behavior for large
distances r > o:

C(Z)(r) ~ ( 1/,.)2:/3

When integrated over a volume where this expression holds, for instance,
outside a sphere of several molecular diameters o, such as R> No with
N>»1, we see that this long-range part cannot give the leading
(=1)"(n—2)! (n=2) contribution, which then can only come from the
short-range part. We extend this analysis to all ¢'”), arguing that all ¢ are
decreasing functions and that the dimensionless part is essentially related to
the short-range part of the functions. Therefore, we redefine the ¢ by
separating it into a short-range, c{’, contribution and a long-range, c{",
contribution, such that the integral of ¢! yields the nondimensional con-
stant contribution. As we are concerned with the long-range behavior, we
write

(1,2, n) =[(=1)" (n=2)1/p" D] 8(r, —1,) (r, —5) --- 6(x, —1,)
(35a)

and we define the long-range contribution c¢{”, which can contain both
length scales o and £, such that ¢{" = (¢ —c}"”) and

[ dr1]-din—11= —(C./p"~") g (35b)

4. DETERMINATION OF AN UPPER BOUND FOR A"}

In order to find an upper bound for A", which is to be understood as
h$", we use the n-body version of the Ornstein-Zernike (OZ) equation
from which A" can be rigorously expressed via a finite set of integral equa-

tions involving 4* and the functions ¢, with 3 <m <n. The n-body OZ
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equation can be represented by an expansion in Mayer diagrams; it is then
nothing else than the analysis of 4" in terms of nodal points. This expan-
sion involves ‘only a finite number of diagrams, and thus avoids any
problem of convergence of infinite series. In the following, we investigate
the structure of these graphs, in order to find the leading contribution of
the sum when all the distances between particles are large, and then to
deduce an upper bound for 4™,

4.1. Recursive Construction of the V-Body
Ornstein-Zernike Equation

In order to establish the m-body Ornstein-Zernike equation we
proceed in a recursive way, showing how we can get 4 from A" ~"). In
A" =" we isolate three different diagrammatic structures.

First, we consider the set of graphs in which there is no field point and
only n—1 root points, some h‘® bonds, and no subgraph forming a loop:
these are tree graphs. To create a new root point, we add an extra &®
bond at one of the n — 1 vertices, and we then generate a part of A" which
is still a tree (see Fig. 1a).

Second, we have the.part of A" ~!) which is free of nodal points: by
definition this coincides with ¢~ . From this we generate either a new
graph without a nodal point, i.e., ¢ or a graph with one nodal point by
adding to ¢~ a ¢ function (see Fig. 1b).

Finally we consider in A"~ the graphs including field points, some
¢ functions, and some h4'® bonds. The rules from which the graphs are
constructed are the following: the function ¢'? is absent because 4 and
¢® cannot be put in series,'®" and so m = 3; two A‘® bond cannot be con-
nected in series,?"’ namely just by a field point; as can be seen from pic-
torial arguments, we must have m < n. The introduction of a new root
point can be done in only three different ways. First, from a root point of
h" =" we may add an 4> bond terminated by the new root point. Second,
from a ¢ we have two possibilities: (i) we can generate ¢+ which
contains the new root point, or (ii) from ¢™*" we add an 4#'® bond ter-
minated by the new root point. Third, we can split an 4‘® bond introduc-
ing a new A® directly or via a three-body direct correlation function ¢'®
(see Fig. lc). .

Therefore, starting from the OZ equation for 4'®, which is explicitly
known, we can construct the equation relative to 4 and the important
point is that it can be represented by a finite number of graphs G(n); in the
set of graphs {G(n)} each element contains some 4‘>’ bonds and a given
number of ¢, with 3<m<n.
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Fig. 1. Recursive construction of the n-body Ornstein-Zernike equation.
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We first eliminate the graphs of the first two cases in the preceding
analysis since, once integrated over the root points, they lead to a smaller
dimension than that of H"). Similarly, we can eliminate the graphs where
a point of a ¢ function is a root point; indeed let us consider such a
graph, G(1,2,..., n), the root point belonging to a ¢ function being, say
r,; the expansion of £’ includes also the graph

Gy(1,2,.. 1) =[G(1', 2,y m) K1, 1) d[ 1]

whose dimension is higher than that of G because of the h'®’ bond. There-
fore, in the following the graphs that we consider include some ¢'™ func-
tions, at least two 4 bonds, and some field points, and each root point
ends an 4® bond. It is convenient to define a node as follows: this will

h® = + +

ACES O+6A+3MD+@

Fig. 2. Illustration, from a particular contribution to #*, of the definition of the nodes V'#).
Here, we consider V¥, The permutations of the second and of the third graphs of the first
line are not made explicit; they are responsible for the factors 6 and 3 in the expansion of V%),
The hatched subgraphs are ¢'”' functions and the lines are 4% bonds.
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denote the sum of the subgraphs of 4 including only some ¢ functions
directly connected together through field points and characterized by the
number of external #® bonds connecting the node to the whole graph. A
node with p external bonds will be denoted by V'». With this definition,
we see that a node V'” is built up by a set of graphs, denoted V*#), each
V(=7 being characterized by a number p, of external points, with p <p.
The simplest component of ¥? is a point at which, in the whole diagram
of h'™, start ph'® bonds; this component will be denoted the “1” compo-
nent of V'»), We can obviously define the ¥ in such a way that they all
present exactly p external points, by using appropriate J functions, and in
the following we denote by W'*#) this definition of the components V=7,
It is easy to see that the graphs we consider for A, are free of loops of A%’
bonds and nodes V'’ since such a loop is a part of a ¢ function, with
m>p, as it is a graph at least doubly connected. Thus we are left with
graphs including some field points, at least two 4‘® bonds, and nodes V7,
with 3 <p<n. As an example, V¥ is shown in Fig. 2.

4.2. Cancellation of Constants Related to the
Short-Range Part of ¢!™!

In this section we show that the sum of the graphs of A in which
only the component ¢! of each function ¢!””, involved in the nodes V'#’
is taken into account vanishes. We denote by V{#’ the contribution to V?’
calculated by using only the components ¢{™ of ¢"™. We replace all the ¢
by their short-range part, ¢, defined in (35): the nodes V'{#’ are thus also
constants times a product of J functions; let {1, 2,.., p} be the points of the
node V#, we have

Vf,”’=b‘/”5(rl—r2) o(ry—r3)---6(ry—r,) (36)

and we just have to show that all the b'”’ vanish. At first sight, we calculate
the first three terms of the set, namely 5, 5, and 5. The important
point is that these are labeled graphs; moreover, the convolutions involved
are easily calculated since the ¢! functions, once integrated over m—1
coordinates, are constants C'™, leading to a very simple factorization and
finally the field points are weighted by the density p. We get

b =1+ p>CY (37a)

b =14 p>C'H +6p>CY +3p*CICY) (37b)

b =14 p*CD +10p°CH +10p°COCY +25p>C)
+45p*COCY +15p5CPCICY (37c)
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From Egq. (19), we obtain 5® =5'¥ = b3 =0. We use the Baxter relations
on the hierarchy of the ¢'?’, Eq. (8), and we define, for convenience, the
operator d[ -] by

af =a(pf)/op
By using (8) we obtain

b =9[b™M] +3C ™ (38a)

b = 0[5 +4p>°C Db 4 3p3p?C ™ (38b)

These equations suggest that there is a recurrence relation between the 5.
This is obtained by decomposing the procedure allowing us to generate
V' from Vir—h.

The first step is to take into account all the possibilities to add a new
external bond to VL”‘”, without introducing a convolution. We have to
consider two types of transformations: the first one changes the topology
by generating a new external point changing a ¢/~ " into a ¢ and the
other one consists in adding the new external A‘® bond on an existing
external point or on a nodal point between two ¢ functions in the graph
V=1 which is left unchanged. This first step is exactly performed by the
action of the operator J[-] [the derivative with respect to p of the
integrals b'”’ correspond to a functional derivative with respect to p(r) of
the Mayer diagrams'"]. In this first step one pattern is left out, which is
the case where the new pth A'® bond is attached as a unique bond to a
point of a ¢'® function, while if this #‘® is not alone, the corresponding
graph is accounted for with the operator d[ -] acting on an external point
of an existing ¢'® function of V=" Now when this bond is alone the
peculiarity of ¢‘*' is that it can be generated only by the derivative of a ¢/®
function and this one, unlike the other ¢™ functions with m >3, does not
exist in the n-body OZ equation: thus the above-mentioned graphs are not
generated by the O[-] operator. The second and third steps consist
precisely in introducing the new 4‘? bond via a ¢*® function.

In the second step we consider the introduction of a ¢** function on
an external point of ¥{?~"), which we refer to as a j point on which k()
points are connected. The result of this is a ¢®(j, j,, p) function, where on
the p point we have the pth /® bond, on the point j, we choose in this
second step to have only one 4'* bond, and on the point j we have the con-
volution with the rest of the original diagram. This operation is done on
each external point of the graph and each time we select a single external
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a b

Fig. 3. Examples of graphs which cannot be obtained by the two first steps (made explicit
in the text) of the procedure generating V' from ¥t»=1) The hatched subgraphs are ¢
functions and the lines are #‘* bonds.

bong among the k() ones to be attached on j,. The number on external
bonds being p — 1, for each graph of V=", we have in 5" a term

(n—1) p>CIp=" (39)

However, in the construction of 4'”’, we have to consider more complex
situations where more than one #® bond or even a combination of A/®
and ¢! functions is attached to j,. Examples of graphs not generated by
steps 1 and 2 are given in Fig. 3.

In the third step, we consider the case where the ¢/* function is intro-
duced on a j convolution point of ¥{#~"; in this respect an external point
with k(j) =2 is also a convolution point with the use of adequate J func-
tions. The transformation corresponding to this third step can be formally
represented by

A;\":Akg—’A;:]pZC(])*Akz (40)

The A,, graphs are labeled according to the number of /® external bonds
attached to them: k; is the number of external bonds of 4,, plus one, the
nodal point connecting 4,, and 4,,. We thus have the constraint k| + k, =
p—1 and k,,k,>2 (the case k, or k,=1 has been accounted for in
step 2). Rather than discussing each diagram in ¥{# =" and constructing all
possible combinations, let us observe that for the graph 4, , the remaining
p*C¥*4,, part is simply a label. For a given p*C®*4,,, the possible
choice of 4,, graphs is equivalent to the problem of attaching &, + 1 labels
to a graph, which is nothing else than V%*'+". The contribution of
these graphs is simply 5*'*! and symmetrically for 4,,; therefore (40) is
summed up into

b(k|+l)*p2C(3)*b(k3+l) (41)
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Considering all sets constituted with k,#'® bonds drawn from the set of
p — 1 external bonds, we have the permutation factor

=l =D(p=2)--(p—k)1/k ! (p—1!]

and an overall 1/2 factor to account for the symmetry between 4,, and
A,,. We thus have in b'” the term

(1/2) Z I,:l—l [b(k|+l)p2C(3)b(p—k|—2)] (42)

{k1i=2,p—3}

We can finally check, first, that all graphs of 5’ for all possible ways
of introducing a new pth bond are accounted for via the [ - ] operator or
via the introduction of a ¢'* function; second, that no graph is counted
twice, because the three steps above define different graph specifications.
We can therefore write

b(m 5[b(”_”]+(p—l) ZC(B)b(p—l)

+(12) Y CL'[BMrh p ke nY (43)

{k1=2,p—3}

which is the desired result. Indeed, starting from the recurrence hypothesis
according to which 57 =0 if p < p,, we get b'”’ =0 whatever the value of
p; since the recurrence hypothesis is indeed satisfied for p <5, we get the
announced result, namely

b =0, Vp (44)

Thus, the fully localized part of the nodes ¥'” does not contribute to the
expansion of 4 and we have to deal with “dimensioned” nodes. Now, we
shall take into account only the leading part of these nodes, which we
christen V{”, and this is obtained as the contribution to V*»’ leading to the
greater dimension for the corresponding diagram of 4. According to this
scheme, one finds

Vi =c 4 ... (45)

where the dots denote the nonleading terms, which can be disregarded in
the present analysis, and ¢ =(c'” — () is “dimensioned” part of ¢'”’,
defined by Eq. (35b). At this stage, the leading contribution of the long-
range part of 4" is obtained from the sum of graphs including some field
points, some 4'* bonds, and some %’ functions, playing the role of p-point
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nodes. We emphasize that this cancellation is of crucial importance,
since without this cancellation some graphs of A would have a higher
dimension than A",

4.3. Reduced Diagrammatic Expansion for h!"

In order to find an upper bond for A", we have to classify the graphs
involved in the expansion we have obtained for the leading contribution
h{" of the long-range part A" of A" (hY" =h{" + ...). The diagrammatic
expansion obtained in Section 4.2. is a sum, say S,, of a finite number of
graphs; each of these graphs is characterized by the number of 4®’ bonds,
the number of nodes of each type ¥'{?), and the topology of the graph, ie.,
the location of the nodes with respect to the root points (1, 2,.., n).
Now, for a given combination of the orders p of the nodes, say
{p} =(p\,Pss., py) for a graph including N nodes, we consider the sum of
all the corresponding graphs, which we christen S,,. In Fig. 4 we display
an example of the representation of a contribution to 4**) in terms of S, o
We focus on the graphs presenting the largest range. Our criterion to deter-
mine the dominating graph is based on the fact that A'® is the most delo-
calized bond. As a result the number of 4® bonds is fixed once the com-
bination {p} is given and the dependence with respect to ¢ of the integral
over the n—1 coordinates of the Sy, is independent of the combination
{p} and coincides with that of the integral of S,. In other words, all the
graphs S,,, when integrated over the n—1 coordinates have the same
dimension. In the following, for the sake of simplicity, the dimension of a
graph having »n root points will denote the dimension of its integral over
n—1 coordinates.

We now have to find a criterion allowing us to classify different
graphs. This is not a simple task in general since the result of a graph G,(n)
and the comparison between two graphs G,(n) and G,(n) depends on the
configuration of the »n root points; for h‘g’" this is a consequence of the func-
tion F of Eq. (31). Nevertheless we can avoid this problem in the case
where all the distances r; are of the same order: then the dimension of the
graph is indicative of its value in terms of £ or in other words we can relate
directly the range of the graph and its dimension [the function F of
Eq. (31) does not play any role in this case since all its arguments are of
order 1]. Thus, for a configuration of the n points where only one length
scale is involved, i.e., when all the distances are of the same order, we can
already estimate 4{" as one of the sums S, entering in S;. Then we can
take the simplest one, namely S;, where the only node involved is
V3 =c®. This is illustrated in Fig. 4. The graphs of S; are very simple to
analyze and this is done in Appendix A.
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n = +
S [s] S (4. 3]
+
S[s. 3. 3]
(6Yy __
s, (1) =

Fig. 4. Decomposition of a contribution to 4'*) (as an example) in terms of the functions
S,y defined in the text. Each graph must be understood as a sum which makes the result
symmetrical with respect to permutations of the particles (1, 2,.., n). The corresponding S,
representation referred to in the text is also shown. The hatched subgraphs are nodes ¥'7).

We consider the case where two length scales are involved in the con-
figuration of the n points (1, 2,..,, n). These are denoted by « and A, and we
shall consider only the case where we have o <a < A < &, which means that
both a and A can be compared to &, o/ takes a very small value, while 1/¢
may be of order 1 and in any case /¢ — 0. We separate the n points into
m groups i of m(i) points located in a volume a¥ centered at R;; the coor-
dinates of the points in the group i are r, =R, +ry, with |r,| <a, and the
distance between different groups is R; = A. Here, R, is not one of the root
points of the graph, and it serves only to locate the group.

Then our task consists in determining the graphs where the nodes con-
nect as less as possible the root points separated by the large length A
Moreover, as we have already mentioned, we take into account only the
graphs where the root points are connected to the graph through an A‘®
bond and not directly on a node. Two rules will be important in the follow-
ing for the estimations of graphs and these are deduced bellow.
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First let us consider a node V{7’ to which p— 1 root points located in
the same volume a centered on R, are connected through 4 bonds; this
node is connected to the rest of the graph by an #® bond via its pth exter-
nal point (which is a field point). We claim that the main contribution to
the integral corresponding to this field point is obtained when the integral
is performed in the volume a“ centered on R,. In other words, we consider
that the field point, say p, is located in the vicinity of the p — 1 fixed root
points. In the same way, we consider that this holds also when the node
under consideration is connected to one (or more) root point of the group
i and to another node V{”" connected to at least p—2 root points of the
same group I (see Fig. 5). This claim is justified by the fact that the nodes
VP are ¢{” functions which are at least doubly connected. We focus on
the graph illustrated in Fig. 5a and we examine its dependence with respect
to the large length scale 1. Because of the #'> bonds connecting the root
points labeled 1, 2,.., which are separated by the small length o, to the j;
field points of the node, we can assume that the node is localized in the
sense that the integral over the j;, points can be performed only in the
volume a centered on R,. The integral corresponding to p localized in the
vicinity of R, is I, ~ A'?(1) f(«), where f(a) is a function depending only
on the length a. To estimate the integral corresponding to the point p out-
side the volume a centered on R, we take advantage of the fact that the
function c!” is at least doubly connected. If the integral is performed for p
in the vicinity of R, we obtain f5(a) #®(a) =%, where the exponent 2z
describes the double bond. A simple dimensional analysis leads to z =d},
while in any case z>d,, and this gives us =fy(x) AP (a) 1% <
fola) A¥(a) HP(A). When the integral is performed in the whole space,
excepted the vicinity of both R, and R,, we describe the double bond of
the function ¢{”’ by replacing ¢{”’ by

6= dLji]dLja) [ dUe Y dUks) e " X1, p =1, i, o)
xhD(jy, ky) B (s, k) 0(13)(1(1 ki, p) (46a)

The reason for this is that if we consider the graph G,

Go=[ dLjVdLj2] | dUk] dTka] €7+ 1 p =1, i o)

Xh(z)(jl,kl)h(z)(jz,kz) Cm(kl,kz,P) (46b)
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R1 1 RI

R b
a) b)

Fig. 5. Examples of configurations for the connection of a group i, including the points
labeled (1,2, 3), located at R, to a point R,; R);=4 and r;~a for (i, j)e(1,2,3), with
a/A < 1. The hatched subgraphs are nodes V7.

where the double bond is represented by the two A'® functions, then the
graph G, obtained from G, by taking the function d(k,, k,, p) instead of
the function ¢® is also to be taken into account. Adding G, to G,, the
short range cancellation 1+ p>C® = p2C{® justifies the use of ¢{¥ in G, in
cases where this estimation of ¢\ is used in a graph where a long-range
function is connected to the point p. The Graph we focus on is then
estimated from its dimension: we determine the integral over R, and we get
Sfa(a)(E~%) H® This dimensional estimation is an upper bound, as it does
not take into account the constraint due to j, and j, close to one another.
This is illustrated in the framework of the conformal invariance hypothesis
presented in Appendix B: in this case the estimation gives a term
(/)93 £ =% (Appendix B.3), which is indeed smaller than the previous
estimation &~%. Therefore the contribution related to G is equal to or
smaller than the dimensional estimation which satisfies f5(a)(& ~%) H® <
Sfla) H? =1, dR,. Now, the fact that j, and j, are integrated in a volume
a? is not a restriction. If these points are far from R, and R,, the argument
used with the point p can also be applied to the points j, and j,. We can
conclude then that I,, which is related to the field points of a node
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1 4
R, =2 5 R
3 6
a
1 4
Ry =2 5 R
3 6
b

Fig. 6. Two different configurations to connect two groups located respectively at R, and R,
with R;; =2 and ry=a for either (if)e(l.2,3) or (if)€(4,5, 6), with a/2 < 1. The hatched
subgraphs are nodes ¥'#\. (a) The node ¥'® is shared between the two groups; (b) the #®
bond only is concerned with the long distance 1 when the integrals corresponding to the field
points are performed in localized volumes centered on the corresponding groups.

integrated over the volume a“ centered on each group, is indeed the leading
contribution to the graph.

The second rule is that a node is not shared by two different groups,
located say at R, and R,. We consider the graph of Fig. 6a. We have

G=[ ROy, 15) - KD, 1) P o) KOG ) -+ HP g i)

(47a)
where p =k, + k,. Because of the k, 4 bonds in the first group and of the
k, h'* bonds in the second group, the integrals over the field {i/,} are per-
formed in the vicinity of R, and those over the field points {7} are perfor-
med in the v1c1n1ty of R,. Since ¢{” is at least doubly connected, the graph
G is majored by fi(a)(#3(1))? fz(a). Then G is negligible compared to the
graph G,, shown in Fig. 6b,

= [ hD, i) h D, i5,) i 1)
X h(Z)(tl: tZ) c(1k2+ 1)(ill EXTITY t2) h(Z)(jll, .]l) s 'h(Z)(j;(p jkz) (47b)

822/80/5-6-22
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including one node in each group, and which is estimated as G, =
Jfi(e) BP(L) fo(a). Let us.point out that the previous rules are illustrated in
Appendix A, under the conformal invariance assumption and for the S,
representation.

In the following we define for convenience a t-point (trailer point) as
follows: (i) An external point of a node connected to at least two root
points separated by «; or an external point of a node connected to one (or
more) root point of a group and to another node which is also connected
to a root point of the same group through an A‘® bond; (ii) not directly
connected through an 4'® bond to a root point, or to a node connected to
a root point of the preceding group. It is in fact a nodal point separating
a group of points from the rest of the graph (see p point in Fig. 5).

We first examine the case of a configuration including only two
groups, of m(1) and m(2); points respectively. Following our criterion, we
consider the graph where one t-point of one group is connected to one
t-point of the other group by an /4’ bond. We have two subgraphs, say G,
and G,, connected together by an A‘® bond via the t-points (see Fig. 6b).
Given the preceding arguments, one can convince oneself that the main
contribution to the graph is obtained when the integral over the field
points of G, (respectively G,) are performed in the volume a“ centered on
R, (respectively R,). Therefore we estimate the whole graph by replacing
the #® bond by a constant equal to #*'(R,, = 1); the subgraphs G, and G,
are functions where only the scale a is involved and they can be estimated
according to their dimension (we recall that it is the dimension of the
integral). This is easily obtained since G, (and G,) can be decomposed in
a combination of sums S, simply amputated of one #* bond; since the
dimension of S;,, does not depend on the combination {p}, we can use
the estimation of G, (and G,) obtained from S,, which we denote by
S;[G,]. In other words, when we deal with a configuration characterized
by two groups, we can estimate A{" by

R = S Gy(a)1* BP(A)* S3[G\(a)]
~h?(4) K(a) (48)

where K(a) is a finite function depending only on the length scale «.

We now consider the general case of a configuration including any
number of groups of localized points. As we have seen, we consider only
the graphs where no node connected to root points via 4 bonds is shared
between different groups. We can then consider different possibilities. First
we have the case of graphs, which we refer to as Gy, in which a root point
belonging to group / is connected only to a node located in the vicinity of
group j (i #j): such a graph can be disregarded since we can consider a
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similar graph from the point of view of the topology where the root point
under consideration is connected to a node belonging to its own group; the
value of this second graph is that of the first one times [ #'®(a)/A*(1)] > 1.
Then we have to consider the graphs which can be written as a convolution
of subgraph G,, describing the groups i, with some 4> bonds. Indeed, each
root point of a group 7 is connected to a node V{?); given the graph G, has
been eliminated, each path relating two root points of i goes through a
node which appears then to be connected to at least two root points which
are close to each other: the node under consideration is then “localized” in
the vicinity of group i. We recall that the node is localized in the sense that
the main contribution to the integrals over the corresponding field points
is obtained when the integrals are performed in the volume a“ centered on
R;. Now, it is easy to convince oneself that the subgraph we thus define,
G, presents the structure of a combination of Sy, terms, where each graph
entering S, is amputated of one A® bond. We introduce now a
recurrence hypothesis: let us suppose that for a configuration including
m < m, groups the part of the graph which connects the subgraphs G, is
h{™. We add a group described by the subgraph G,, ., to a configuration
including m, groups: this new group can be connected simply to one of the
other ones by an 4‘® bond, or we can change the preceding 4" in A"+ 1),
Therefore we have to choose between [A(1)A™)(1)] and AU+ V(A):
since the superposition approximation leads to an underestimation of
h'(A), and since our recurrence hypothesis is satisfied for my=2, we
conclude that it is satisfied for all values of m.
Then we get

B = By(A)* {G ()} (49)

Then, the value of 4! can be estimated in terms of « and 1; for this we
write 4\ in the form

h(ln)=h(lm) H {Yp(i)(“)} (50)

i=lm

where Y, () is the order of magnitude of the graph G, including p(i) root
points. Since G, involves only the length scale «, we can determine Y,.,(«)
from the dimension of the graph G,. This is done easily by using the S,
representation of G,. With the arguments developed above, we see that all
the integral over the field points entering in the definition of G, can be per-
formed in a volume «“ centered on R;; the dimension of G, is then obtained
from the value of the integral of G, over p(i) — 1 of the p(i) root points, per-
formed in the volume a“ (the t-point is a field point) and then in order to
get Y we divide the result by a'??— 1< We see that « is the only relevant
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length scale and we can determine the dimension of the involved integrals
by using « instead of ¢ as in Section 2. The dimension of G, is then that of
AP+ D divided by that of 4®, since G, is a graph of 2?*+!) (p root points
plus the t-point) amputated of one #® bond. We get

Y(@) = [HPO+ V(o) [ HP(a)] 7! [alPD-Dd] -
= C[a— P =1d) (51)

Finally, we get the following estimation for 4! in the case of a configura-
tion of the n points which separates into m groups a distance A apart one
from each other:

HPLm) % h(2) fonmfe) = h§(2) T] [ 700 ]

i=1lm

=h{" (D)o "™ %] (52)

where we have introduced the function f, () for convenience in the
following. We emphasize that « holds for the dimensionless distance (a/o),
which means that 4#®(r) is of order 1 only for molecular distances; as a
result, when n # m, since we are interested in very large distances, the func-
tion introduced in (52) is always very small compared to 1. Let us denote
Imax the largest distance in the set {r,}. Therefore we find that, when n> 2,
h{" is either comparable to #/*)(r,,,,) times a function very small compared
to unity when there are only two groups, or very small compared to
h(r ...) When there are more than two groups.

4. DISCUSSION

The main result of this work, which we now analyze, is given by
Eq. (52). It provides an estimation of the total correlation function when all
the distances are large, namely in the “algebraic” regime of A", and when
up to two length scales are involved. Because of this last point, it is a first
attempt to go beyond the dimensional analysis.

Now we exploit this result in order first to derive an equivalent of the
GKS®'" inequality, which reads in our case

[g"*D—g"]>0 (53)

Following Eq. (5), the difference [ g"* " — g7 can be written as

[g(n+l)_g(n)]= Z [h‘z)(i,n+l)]+h‘"+”

i=1n

+y {1‘[ [APUiy, iy i,,)]} (54)
-
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where the sum 3, runs over all the partitions Q' of the set (1,2,..,n+1)
in distinct and nonoverlapping subsets (i, i,,.., {,), which cannot be
obtained from the set (1, 2,..., n), and because we have isolated both A"+
and the sum of the A‘® terms, the products in (54) include at least two
factors [A‘PVAR'7Y] with p,, p, > 2. Moreover, at least one of the subsets
involved in each partition Q' includes the point (n + 1) because none of the
partitions Q' can be deduced from the set (1, 2,...,, n).

Now we get an upper bound for [][A'”(i,i,,.,i,)]. By using
Eq. (52), we know that the leading terms of the sum 3}, corresponds to
the sum of the products [A‘®(r;) h**(r,,)] where n + 1 is one of the points
(i, j, m, k); therefore the last term of (54) is majored according to

{Z [T CA, 1,y 15)] } SCh¥Nryg) Y [APG,n+1)]  (55)
I i=1Ln

where C is a constant, and r,;, is the smallest distance between particles of
the set (1, 2,..., n+ 1), which, in any case, is at least equal to a. Then, from
(52) we know that A** " is small compared to A'?)(r,,.,) since n+ 1= 3. As
a result, we get

[¢7*P=g™]= ¥ [A%(Gn+ D]+ - (56)
i=1Ln
for any configuration of the # + 1 points, involving up to two length scales
if all the distance are very large compared to the molecular length «.
Finally, because of the positive sign of the compressibility and because we
expect a monotonous behavior for 4/®(r> g),"'>) we have A'(r=a)>0
and we conclude from (56)

[g(n+l)_g(n)]>0 (57)

It remains to determine the range of validity of (57); in other words,
we have to specify what is a “large” distance or equivalently what is the
minimum value of a. We emphasize that our analysis, especially the estima-
tion given in Eq. (51), relies upon the argument that we can estimate the
value (in the sense of its range) of a graph G(1, 2,..., p) from its dimension
when only one length scale is involved in the distances r;, i, j=1, p. This
is used for subgraphs of 4"’ and we thus have to verify that we deal with
a range of distances where the correct dimensional behavior of integrals of
h'?) is reached. We start from Eq. (21) and we see that we can deduce two
regimes according on whether the first or the second term dominates. In
the framework of the algebraic regime of 47, Eq. (31a), we have

pO(h"=1)/p A=V Y (£, /E)(G/E) ™% (58)

(%))
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If this term dominates, in the Lh.s. of (21), we get

[H L)~ L) =41 h"=D T (r,/8) (592)
t.J)
which is easily seen to be in agreement with the dimensional behavior of
the integral over n — 1 coordinates of 2. This means that in this case, the
behavior of 2 with respect to a dilatation of all the distances corresponds
to its dimension. On the other hand, if the second term dominates, then we
get

.[h"’)d[n]z[(é‘/a)"_z""] hin—D (59b)

and in contrast to the preceding case, this integral is not in agreement with
the dimension of 4, which means that the integral of 4 on the n—1
coordinates performed in this range of distances is not indicative of the
result for the integral performed in a volume &9 and that the behavior of
A" with respect to a dilatation of all the distances cannot be obtained from
its dimension. Clearly, then, (51) is no longer satisfied. Therefore our
criterion is that the distances are such that the derivative given by (56) is
much larger than A~ and thus « satisfies

/& > (a/C)% (60)

Notice that the second region, as can be seen from (59b), corresponds to
the range of validity of the superposition approximation: n — 1 particles are
in a “small” volume centered on r, and the main contribution to the
integral over the nth one is obtained for large r,, distances where 4"~
h'2(ry,) h"~1(1, 2,.., n—1). The volume in which the n—1 particles are
enclosed must be smaller that [£(a/&)%]%

Finally, if we assume that the conformal invariance is satisfied by 4,
then, given the corresponding result for 4/®’ (see Appendix B), namely that
it is a monotonous function of all the distances, and because H®' <0 we
get the equivalent of the GHS inequality, which reads

h3(1,2,3)<0 (61)

5. CONCLUSION

In conclusion, we emphasize the following points. First, the present
work takes place neither within framework of renormalization group
theory>* 2% 2% nor within the renormalization theory of the field-theoretic
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approach to critical phenomena.!** Indeed, our purpose is not to provide
a way to deduce the critical behavior of fluids. Conversely, we have
assumed the existence of a critical point and our starting point is on the
one hand the phenomenological equation of state of the critical isotherm
characterized by the critical exponent J and on the other hand the
asymptotic form of the two-body correlation function and the associated
Fisher critical exponent, #. The values  and # are assumed to be known.
The purpose of this work was then to deduce the behavior of the n-body
total correlation functions, which are both actual physical quantities (and
not correlation functions deduced from an effective Landau-like
Hamiltonian) and the usual tools for liquid-state physics. We emphasize
that the correlations we deal with correspond to the spatial fluctuations of
the actual density and therefore have a clear physical meaning.

Concerning the GKS inequalities, the difference from the Ising model
(or the ¢*) theory is the following. The GKS inequalities are neither
satisfied in all space nor for each thermodynamic state, as is the case for
the Ising model, but only for large distances and in the close vicinity of the
critical point. Moreover, they do not result from a simple convexity condi-
tion as is the case in the Ising model. Therefore a careful analysis of the
correlation functions must be performed after the critical equation of state
has been stated. This analysis leads us to the estimation of the total »n-body
correlation function, Eq. (52), which can be considered as the important
result of this work, the GKS inequalities being then a consequence of this
estimation. Moreover, we had to consider two length scales in the distances
involved in the set of points {r;} and we found the minimum length scale
for the GKS inequalities to be satisfied. This appears to be on attempt to
go beyond the regime where the usual dimensional analysis is valid.

APPENDIX A

In this appendix we analyze the representation of some graphs using
only the node ¥®, which is, moreover, replaced by its leading contribu-
tion, ¢{¥. This is what we called in the text the “S,” representation. As an
example, we have the graphs of 4{", where all the root points end A'*
bonds, which are connected to the c{* function. An example is the S,
representation of 4>’ shown in Fig. 4. It is easy to see that the graphs of
the S; representation of 4" include exactly n—2 functions ¢{> and 2n—3
functions 4'?; in other words, these graphs can be built up using the func-
tion s'*, defined as the convolution of a c{*’ function with two 4‘*’ bonds,
as displayed in Fig. 7, and a supernumerary A'® bond. One can check that
the dimension of the S, representation of A” (which is the dependence
with respect to & of the integral of 4" over n— 1 coordinates) is the same
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3 2

Fig. 7. Representation of the 5'*) function. The hatched subgraph is a ¢® function and the
lines are 4’ bonds.

as that of 4. Moreover it is important to notice that one constructs the
S5 representation of A" whatever the value of »; this is not the case if we
consider, for instance, the S, representation where the use of only the node
V% is not sufficient to describe £ for odd n. From the particular topol-
ogy of the S, representation of 4, we can easily deduce that of the graphs
characterizing the groups of localized points, denoted G, in Section 3.
Indeed, a group i including p(i) points localized in a volume a“ centered on
R, is characterized by a graph G, of ##/?*! amputated of one #‘® bond; the
S, representation of G,, denoted by S3(G,), is therefore built up from s
functions only (this is shown in Fig. 8. The properties of this S, representa-
tion are similar to those of the S; representation of 4 the dimension is
conserved, and it can be constructed for each value of p(i). Notice that
when we deal with a group i of localized points {k,, k,,..., k,,} of the set
{1, 2,.., n} we consider only one length scale, «, and then the dimension of
the graph G; is meaningful. Furthermore, from Appendix B, knowledge of
the three-body correlations and related integrals is sufficient to show that
this is indeed so. Finally, let us consider the S, representation of 4" for a

t

2 3

Fig. 8. Example in the S, representation of a graph G, defined in section 3. G, is connected
to the rest of the graph via the unique “trailor” point 7. The hatched subgraph is a ¢'* func-
tion and the lines are 4'* bonds.
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set of points separated into p groups. When the graphs G, of the groups are
removed, the remaining graph which connects the groups together, say K,
includes the above-mentioned supernumerary 4%’ bond since this is not
used in the subgraphs G,. Then we recover in this particular case the fact
that the subgraph depending on the largest length scale, and connecting the
groups together, K, is nothing else than a graph of 4 in the S, represen-
tation, since K, is built up from s functions and a supernumerary h‘*
bond.

APPENDIX B. THREE-BODY FUNCTIONS ACCORDING TO
CONFORMAL INVARIANCE

B1. Expressions of A'3! and ¢!®!

We first deduce the three-body correlation functions ¢'*’ and 4'* using
the conformal invariance hypothesis. This hypothesis is very likely to be
satisfied since at the C.P. our system fulfils the necessary conditions given,
for instance, by Cardy‘'®): scale invariance, translational invariance, rota-
tional invariance, and short-range interactions. The important property
that we use is that three arbitrary points r,, r,, ry can be mapped by a con-
formal transformation into three preassigned points ri,r3,r;. Then the
explicit spatial dependence of a correlation function f5(r,, r,, r;) satisfying
the conformal invariance is totally determined by the rescaling factors of
the transformation since f;(r}, r5,r3) is the same for any initial set
(r,, r,, ry) and is thus a constant. Then, from refs. 19 and 20 we have

Salry, T, 1) = F3[(r )M 27 ()2 07 (r )0 == =1 - (Bl)

where the x, are the scaling exponents. In our case, f5 = c® or h* is totally
symmetric with respect to the permutations of the points and accordingly
X, =Xx,=x3=X. Then we get the value of x from the transformation law
of f; through a global dilatation (corresponding to the global scale
invariance) which is obtained from the dependence of the integral H® (or
C®) with respect to x. We get x=d, for A'* and x=d), for ¢'* and the
final result is

B3 =Hy(r yr3r5) "%, ¢ = Ca(riar3re) ™% (B2)

We emphasize that the important result here is that the function F; is
simply a dimensionless constant, which is then taken equal to 1. It is worth
mentioning that this result can be obtained at least for the function 4,
from the Baxter equation relating the integral of #*) over ry to A, Eq. (1),
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by exploiting the divergence of the integral at the C.P. without referring to
the hypothesis of conformal invariance. We see therefore that this
hypothesis is in agreement with the existence of the Baxter equation.

B2. Expression of s'3!

The S, representation of a graph, where only the node V® is
involved, necessitates two elements: the function #® and the function s/,
which is a convolution of a ¢ function with two A bonds (see
Appendix A). Here we analyze this function s’ in the framework of con-
formal invariance. We consider the function s(1, 2, 3) such that the point
labeled 1 is the root point connected to the function ¢® (see Fig.7). In
order to deduce the function s> we cannot use the preceding route, since
this function is not totally symmetric with respect to the permutation of the
points, and we must consider the behavior of the function s(1, 2, 3) with
respect to a conformal transformation by using its integral form and then
by imposing that s(1, 2, 3) is invariant.

We consider a special transformation characterized by an infinitesimal
vector a. The component / of the vector r,r,, is transformed into the
component r; of the vector r’ according to

rh=r4or?=2(a-r)r, (B3a)
At order «, the distance r;= |r,—r;| transforms according to
rp=rg(l—o(r;4r;)) (B3b)
and the Jacobian of the transformation is
dr' =(1-=2(-1))dr=(1—2d(a-r)+ O(«?)) dr (B3c)

The function s is given by
s(1,2, 3)=Jc(r1i, Fups ) h(ri2) h(rp2) dr, dr,
and thus we get
S(1,2,3) = 5(1,2,3) + [ ey, 1y 75) h(rig) h(r,)
X (—2do-(r;+71))) dr; dr;
+J [Sc(r i, Py 1) B(riz) h(r;3)

Fe(ri, Fiys y) Oh(r;3) h("js) +h(r;5) 511("/‘3)] dr; dr;, (B4)
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where &f(r;) means [ f(rj) — f(r;)]; we have

LAy = Fr)] = (@ (r fory) Sry=ry(@f r,)for,)( —a - (r;+1,)) (BS)

where we have used (B3b). From (B3b), and by using the form of #® and
of ¢'*, Eq. (B2), we get

0s(1,2,3)=s(1,2,3)[dyo-(r; +ry) +dya-(r, +r;)
+(2d,—dy)a-(r;+r,)]
=—s5(1,2,3) —dya-(r, +r1,) —dyx-(r; +r3)
+(d—3d;)a-(r3+1,)] (B6a)

where we have used the relation d,, d), and d. On the other hand, if the
function s is invariant under conformal transformation, we must have!'®-2%

65(1,2,3)= —s(1,2,3) Y. [ry(@s(r,)for,)a-(r;+1)] (B6b)

1€i<j<3

From (B6a) and (B6b) we get

r12(08(r12)/0r2) = r13(8s(ry3)/0r3) = _d:ﬁ

(B7)
r23(08(r23)/0r3) =d —3d,

and finally
s(1, 2, 3)=S("23)é_3d¢ (rlzrt3)~(d_d¢) (B8)

where S is a constant.

B3. Properties of s'®

In the dimensional analysis, s*’ behaves as 53 = (1/£)4*% 5{*), where
st represents the function s in which the lengths are in £ units. It is easy
to verify that this result also can be obtained from the definition of s'*’ and
the dimension of its ingredients.

In the expression of s, the quantity d—3d,=(—d+6—39)/2 is
positive because‘in Section 2.2 we established that 5 < (4 —d)/2. Thus, in
the expression of s the numerator increases with r,;; however, s'¥
remains finite, as shown in the following limiting cases. For a configuration
in which rj,&r;;~ry; then sV x(1/ry)?*%, it is noteworthy that the
exponent is the same as the one in the dimensional analysis. Let us now
consider configurations where two length scales are introduced. For exam-
ple, the case where rj,~r;=¢& and ry; o with a <¢, the dimensional
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analysis, which does not take into account the constraint that 2 and 3 are
close to each other, would give the above result s =(1/&)?*%. The
correct result is s'3 ~ a? " 3%E ~2@—49) wwhich is used in Section 3.3. Note
that this result is as though the constraint that 2 and 3 are close had the
effect of forcing the field points of ¢* to remain in a «“ volume centered
around root point 1. This is related to another configuration of interest,
where this time r,; ~ r,; = & and r, X «; the result is 53’ ~ o =9+ B¢ ~24% We
find that this result is coherent with the rule given in Section 3.3 according
to which the field points give the main contribution when integrated in the
vicinity of the corresponding group, in this case root points 1 and 2. These
examples clearly show that the dimensional analysis, as expected, does not
give the correct bound in a configuration where there are two different
length scales.

B4. Integrals of s'3

In the estimation of the diagrams involved in the S, representation, we
need to consider convolutions of s** functions. The integration volumes for
each field point of s> can be judiciously partitioned when two length scales
are involved; « and A, with a < 4, in a similar way to what has been pre-
sented in Section 4.3 for the analysis of Fig. 5. We will take 1~ ¢, but the
results can be generalized to any large 1. We give here the integral of s*
in the relevant cases. We define i(r,;) by

i(r) = [ (1,2, 3) dr, = [ S[(r)=3% (r1pri))~“~%dr,  (B9)

We split the integration range into a volume a“ and the remaining volume
&4 — o“ the integral i(r,;) will be performed over a volume ¥, which can be
restricted to a“. In what follows I(x,, X,3, X,3) is the integral i(r,,) written
in reduced variables x;=r;/a or r;/&, such that x; is bounded by 1; the
choice for @ or & is relative to whether the integration volume V is
restricted to a? around root points 2 or 3. We make the assumption
that the lower bound for x;, namely the ¢ scale, introduces no singularity.

We now examine different situations.
(a) rpx& V=¢9—at
i(ra3) R SHxy3) E™ = &% (B10)
(b) ryy=¢&; V=a? centered on the point 2 (or the point 3):

iy(ras) = SKr 3 /o, 112 /E, 1a3/E) aE =%
oW E o) 2% (B11)



Correlation Functions near Liquid-Gas Critical Point 1277

(€) ra=& V=olocated at a distance ¢ from both points 2 and 3:

i(rs) & SI(ry3 /&, 15 /&, ras JE) a%E™%
~ ETN(E o) (B12)

(d) ryy~a; V=a“ centered in the neighborhood of both points 2
and 3:

Ig(Fa3) = SI(r 3 /o, ria/a, ras o) o =%

e (B13)
(C) Fan X V=éd—¢xd;
io(Fp3) = SI(rys fo) o ~3dsE—d+2ds

T () (B14)
()  ryy~a; V=a centered at a distance & from 2 and 3:

i0(ra3) R SKr 3 /&, 112 /8, 1oz fo) @24 3deg =24 +24

o (o) 2+ ) (B15)

Now, because of the convolution involving the various s**’ functions, the
integration volumes are related to one another; the points attached to the
h® bonds of an s'* function are possibly also attached to a ¢{> of another
function. An element Q which is an element of the partition of the integra-
tion volume then corresponds to a set of i;, i€ {a, b,.... [ }, estimates. The
estimation of S, is then typically written

5= I i (B16)

Q \ie{a.b,.

It is beyond the scope of this article to investigate the S, representation for
any A" and any “possible partition of the root points into group configura-
tions. Let us point out that the interest of the S; representation is that it
is possible in this particular case to verify the rules given in Section 3.3.
First, the leading contribution comes from integration of s'*’ performed in
the vicinity of the corresponding group, as can be seen from i; integrals (the
largest one being i,). Second, the leading graphs are the ones where the
minimal number of s'* functions are shared between different groups.
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